Short-time dynamics and high-frequency rheology for suspensions of non-overlapping core-shell particles with thin shells were analysed. In the thin-shell limit, the single-particle scattering coefficients were derived and shown to define a unique effective radius. This result was used to justify theoretically (in the thin-shell limit) the accuracy of the annulus approximation with the inner radius equal to the effective hydrodynamic radius of the core-shell particle. The two-particle virial expansion of the translational & rotational self-diffusion, sedimentation and viscosity was performed. The virial coefficients were evaluated and shown to be accurately approximated by the effective annulus model, in contrast to the imprecise effective hard sphere model.
I. INTRODUCTION
Recently, there has been a growing interest in micro and nanogels, and other permeable particles, which can be used to carry drugs or proteins [1] - [6] . For such systems, density of polymer segments inside the core region is frequently much higher than in the outer part, and therefore they are often approximated as core-shell particles.
A core-shell particle consists of a solid core of radius a, and a surrounding permeable shell, with the inner and outer radii, a and b, respectively (see Fig. 1 ). The porous medium inside the shell is characterized by the uniform hydrodynamic penetration depth κ −1 . It is assumed that the particles do not overlap, i.e. their centers cannot come closer to each other than 2b. In a recent paper [7] , the precise multipole method was applied to extensively analyze dynamics and rheology of core shell particles. High-frequency viscosity, short-time translational and rotational diffusion, and sedimentation coefficient have been evaluated numerically for a very wide range of permeabilities of both wide and thin shells, with volume fractions up to φ = 0.45. It was concluded that for wide shells with a low permeability (κ(b − a) > ∼ 5), the core is practically invisible and particles behave as uniformly permeable. * Electronic address: mekiel@ippt.pan.pl
In the oposite limit of thin shells, it was shown that the coreshell particles cannot be well-approximated by hard spheres of radius b, even for a tiny, hardly permeable shell. However, the dynamics of concentrated core-shell systems is well reproduced, if a thin permeable shell is replaced by the shell of the pure fluid (the so-called annulus model [25] ). The difference between the hard spheres and annulus particles of the same radii b is very large; for example, 20-35% for the diffusion and sedimentation, and 60% for the viscosity, if (b − a)/a = 0.05, κa = 10, and φ = 0.45. The shell influence cannot be neglected, and the essential reason is that it prevents particles from overlapping.
This result indicates that a more detailed analysis of the thin-shell limit is needed. For dilute systems of noninteracting core-shell particles, the single-particle translational & rotational diffusion coefficients and intrinsic viscosity determine the corresponding hydrodynamic radii a eff [8] [9] [10] [11] , which, in general, are only tenuously connected to the geometrical radius a of the core-shell particle [8] . A thinshell analysis of such systems has been recently performed in Ref. [8] . The leading terms of a eff have been given and shown to be the same for the intrinsic viscosity and the translational diffusion.
In this paper, we extend the idea of Ref. [8] , and we investigate the thin-shell limit for concentrated systems of the core-shell particles. We use the general concept of the hydrodynamic radius model (HRM) [12] , where the effective radius approximation is restricted only to the hydrodynamic interaction, with no modification of direct interactions. In this work, the direct interactions between core-shell particles are specified by the no-overlap radius b. In this case, the HRM model is equivalent to the effective annulus model with the no-overlap radius of the outer shell b and the radius of the inner shell equal to the hydrodynamic radius a eff of the core-shell particle. We will show that the effective annulus approximation is much more precise than the standard model of a hard-core particle with the effective radius a eff .
The paper is organized as follows. Sec. II contains theoretical description of the core-shell suspensions. Sec. III is focused on the hydrodynamics of the single core-shell particles with thin shells. In Sec. IV, direct (no-overlap) interactions between core-shell particles are described within the annulus model. In Sec. V, the thin-shell limit of the two-particle virial coefficients is explicitly carried out for the translational & rotational self-diffusion, sedimentation and effective viscosity, and accuracy of the effective annulus model is examined. The conclusions are presented in Sec. VI.
II. THE CORE-SHELL SUSPENSIONS
We consider a fluid of shear viscosity η 0 , with randomly distributed identical core-shell particles [9] defined in Sec. I and shown in Fig. 1 .
Geometry of the particle is characterized by the relative thickness of the porous shell,
The effect of the particle permeability is described by the ratio x of the particle radius a to the hydrodynamic screening length κ −1 of the uniformly porous material inside the particle, i.e.
All the distances are normalized by the core radius a. The fluid flow is characterized by the low-Reynoldsnumber, Re<<1. Outside the particles, the fluid velocity v and pressure p satisfy the Stokes equations [13, 14] ,
and inside the particle shells, by the Brinkman-Debye-Büche (BDB) equations [15, 16] ,
The core and the skeleton of the particle i, centered at r i , move rigidly with the local velocity u i (r) = U i + Ω i × (r − r i ), determined by their translational and rotational velocities U i and Ω i , respectively. The fluid velocity and the stress are continuous across the particle surface, i.e. at |r − r i | = b. The fluid sticks to the core surface; that is, v = 0 at |r − r i | = a. The coupled Stokes-BDB problem defined above is solved by the multipole expansion [17, 18] . Many-particle mobility coefficients are evaluated and averaged over the statistical equilibrium ensemble of configurations, resulting in the shorttime self-diffusion, sedimentation and high-frequency viscosity coefficients, see e.g. Refs. [7, [19] [20] [21] [22] for the general theoretical scheme. The important issue discussed in this work is that the N-particle mobility coefficients µ ij (1...N ) are determined in terms of the Green operators G(mn) (which depend on the distance between particles m and n), and the singleparticle friction operators, Z 0 (k) andẐ 0 (k) (which depend on the internal structure and size of a particle k [23] ). This relation can be written as a scattering series,
or in short as
with µ 0 denoting the single-particle mobility operator (determined by the inverse of Z 0 ). The single-particle friction operators, Z 0 andẐ 0 , determine the hydrodynamic force density exerted by a given ambient flow on a motionless and a freely moving particle, respectively. The matrix elements of these operators are the single particle scattering coefficients A lσ , with l = 1, 2, 3, 4, ... and σ = 1, 2, 3 [23] , see Appendix A for the explicit relation. If the ambient fluid flow is decomposed into the multipole components [24] , labeled by σ, l and m = 0, ..., ±l, then A lσ determine the corresponding multipoles of the fluid velocity, reflected (scattered) by a particle immersed in a given ambient flow. This is why A lσ are called "scattering coefficients" [9, 23] . In the multipole approach, differences in the internal structure of particles (e.g. solid, liquid, gas, porous, core-shell, stick-slip), are fully accounted by different scattering coefficients. The other parts of the multipole algorithm need not to be changed. In particular, the scattering coefficeints A 10 , A 11 and A 20 determine the single-particle translational, D 
with the corresponding single-particle mobility coefficients,
For core-shell particles, the dependence of all the scattering coefficeints A lσ on (x, a, b) have been determined analytically in Ref. [9] .
III. SINGLE CORE-SHELL PARTICLES WITH THIN SHELLS
In this section, we perform asymptotic expansion of the core-shell model in the thin-shell limit, i.e. when a, κ = const and ǫ → 0.
The asymptotic expansion of all the single-particle scattering coefficients A lσ (x, a, b), derived in Ref. [9] , in the thinshell limit (13) , is the following,
where l = 1, 2, ..., σ = 0, 1, 2,
and the terms omitted in Eqs. (14)- (15) 
and using the relation,
with ψ = x 2 ǫ 3 /3 and k = α lσ , β lσ , we can combine the leading terms of the asymptotic expansion (14)- (15), and write it in the following compact form,
with the universal a eff for all the multipole indices,
and the O(ǫ 4 ) terms ∼ x 2 ǫ 4 . The above relations show that in the leading order of the thin-shell expansion, the core-shell scattering coefficients are equal to the scattering coefficients A hs lσ (a eff ) and B hs l2 (a eff ) of a hard sphere with the effective radius a eff . This result is the important generalization of the thin-shell analysis performed in Ref. [8] for the intrinsic viscosity and translational self-diffusion.
In Ref. [8] it was shown that the hydrodynamic radii, defined by the intrinsic viscosity,
and the translational diffusion coefficient of single core-shell particles [10] ,
have the same leading terms (25) in the thin-shell expansion.
We (25) . In particular, also the hydrodynamic radius defined by the single-particle rotational diffusion coefficient [11] ,
As discussed in the previous section, the many-body hydrodynamic interactions depend on the particle internal structure only through the scattering coeffcients. The result is that in the thin-shell expansion (13) the hydrodynamic interactions between core-shell particles consist of the dominant contribution from the hard spheres with the effective radius, plus a small correction which depends on a single parameter x 2 ǫ 4 . In the next section, the single-particle scattering coefficients will be used to construct a model for the concentrated suspensions of core-shell particles.
IV. ANNULUS MODEL
For semi-dilute and concentrated suspensions, direct interactions between particles have to be taken into account. In the annulus model [25] , these interactions are taken into account by introducing a non-overlap radius b, which surrounds a hard sphere of radius c, which is smaller than b. The shell of the relative thickness δ,
is filled with the same fluid as outside the annulus particle, see Fig. 2 . The annulus model can in general be applied for particles of a different internal structure and a different type of direct interactions. Transport coefficients of semi-dilute and concentrated coreshell suspensions, such as the translational & rotational selfdiffusion, sedimentation and viscosity coefficients, are evaluated as statistical averages of the corresponding many-particle mobilities. The leading contributions to the moblilities of the core-shell particles with the outer and inner radii b and a (see Fig. 1 ) come from the hydrodynamic intractions of the hardspheres with effective radii a eff , larger than a and smaller than b. On the other hand, the averaging takes into account the nooverlap condition -the particle centers have to be separated by a distance at least twice as large as the outer shell radius b. Therefore, the dynamics of many core-shell particles is approximated within the (effective) annulus model with c = a eff and the non-overlap radius b the same as for the core-shell particle, see The corresponding effective hydrodynamic shell thickness,
V. EXAMPLE OF THE THIN-SHELL ANALYSIS: VIRAL EXPANSION OF THE TRANSPORT COEFFICIENTS
In this Section, we will explicitly perform the thin-shell expansion for the two-particle virial contribution to the translational and rotatinal self-diffusion, sedimentation and highfrequency viscosity, and compare the results with the effective annulus approximation.
A. Virial expansion
The virial expansion of the transport coefficients for suspensions of core-shell particles is carried out using the inner radius a as the reference one, i.e. we expand in powers of the volume fraction,
The short-time translational and rotational self-diffusion coefficients, D t and D r , the sedimentation coefficient K, and the high-frequency viscosity η ∞ have the following virial expansion,
with the single core-shell particle translational & rotational diffusion coefficients, and the intrinsic viscosity defined in Eqs. (8)- (12) . The bar over the virial coefficients reminds that they correspond to the expansion with respect to volume fraction based on the inner radius (rather than the outer one).
The explicit theoretical expressions for the two-particle virial coefficientsλ ≡λ t ,λ K ,λ r andλ η are derived in Appendix B. In Sec. V C, they are used to evaluateλ(x, ǫ) numerically in a wide range of the parameters.
B. Annulus model
An annulus particle, introduced in Sec. IV and illustrated in Fig 2, is described by two parameters: the hard core radius c and the no-overlap radius b. The corresponding shell thickness δ is defined in Eq. (29) . With the use of the volume fraction φ c = 4πnc
3 /3, the annulus two-particle virial coefficientsλ A (δ) of the translational and rotational self-diffusion, sedimentation and viscosity are defined by the analogs of Eqs. (32)- (35) with φ a → φ c , and the single core-shell particle coefficients (8)- (12) replaced by the corresponding values for a hard sphere with radius c. The two-particle virial coefficientsλ A (δ) are evaluated and listed in table I. The effective annulus intrinsic viscosity is the same as for 
η]
A (δ) = 5 2 .
As discussed in Sec. III and illustrated in Fig. 3 , the effective annulus approximation corresponds to c = a eff , with the effective radius given by Eqs. (25)- (28).
To compare the core-shell virial coefficientsλ(x, ǫ) with the corresponding values for the effective annulus model, we first evaluate the effective radius a eff and the corresponding effective shell thickness ǫ eff from Eqs. (26)- (28) and (30), then we evaluate from Table I the two-particle virial coefficients λ A (ǫ eff ) for the annulus model, and finally perform the appropriate rescaling of the volume fraction φ aeff = 4πna 3 eff /3 to φ a = 4πna 3 /3 (which is used in definingλ(x, ǫ) for the core-shell model),λ
with α = 3 for λ t , λ K , λ r and α = 6 for λ η . The effective annulus intrinsic viscosity,
C. The core-shell particles with thin shells
Based on the previous sections, we now conclude that for core-shell particles with thin shells, the virial coefficients [ η] andλ are well-approximated by the corresponding values following from the effective annulus model,
with the neglected terms scaling as ∼ (x 2 ǫ 4 ). With the use of the expressions from Appendix B, the two-particle virial coefficientsλ(x, ǫ) have been evaluated. In Figs. 4 analogsλ A eff for the effective annulus model. It is clear that the effective annulus approximation is very accurate, with the range of validity even wider than it could be expected from the thin-shell expansion (13).
VI. CONCLUSIONS
There are two main conlcusions following from this work. The first one is that for core-shell particles with thin shells, characterized by large permeabilities, the effective annulus model very accurately approximates the self-diffusion, sedimentation and viscosity coefficients of core-shell suspensions. This general statement has been derived from the asymptotic expansion of the scattering coefficients in the thin-shell limit (a, κ = const, ǫ → 0), and explicitly illustrated by evaluation of the two-particle virial contributions to the transport coefficients,λ(x, ǫ), which are shown in Fig. 4 . Actually, the range of validity of the effective annulus approximation, λ =λ
, with the neglected terms ∼ x 2 ǫ 4 , extends beyond the case of x 2 ǫ 4 < ∼ 1. The second important outcome is that the effective annulus model for suspensions of core-shell particles with highly permeable shells is much more accurate than just the effective hard-core approximation, in which the particle shells are totally neglected (as completely permeable and overlapping with each other). This effect is explicitly shown on the level of two-particle interactions. Large differences between the accurate effective annulus approximation toλ r , and the corresponding predictions of the imprecise effective hard-sphere model are illustrated in Fig. 6 . The comparison of the accuracy of both models applied tō λ(x=10, ǫ=0.3) is performed in Table II . For x < ∼ 10 and ǫ > ∼ 0.3, the effective hard-core model is not adequate, especially for the rotational self-diffusion.
The main result of this paper is to derive, in the thin-shell limit (a, κ = const, ǫ → 0), validity of the effective annulus approximation to the core-shell systems, and to demonstrate how to use table I of the annulus values to determine accurately the core-shell transport coefficients in the semi-dilute regime (and for relatively thin shells), knowing the geometrical and the hydrodynamical radii of a core shell-particle. 
with the single particle dipole mobility µ d 0 given by Eqs. (7) and (10). In the above expressions, Tr denotes the trace operation, and
is the Oseen tensor, with R = R/R. All the mobility coefficients, the associated functions J and the scattering coefficients A lσ in Eqs. (B2)-(B9) refer to the core-shell particles.
